. Our main object in this paper is to state some theorems concerning a starshaped resp. convex function of the class $k^{(1)}$ , which are known when $k=1$ or 2. First we will obtain some results on the coefficients, using an easy lemma. Next, some extensions of STROHHACKER'S theorems will be mentioned. Applying the above results, we can extend SZEG\"o'S theorem on the polynomial sections of a starshaped resp. convex function.
It is well known that under the condition that $f(z)$ is regular in $D$ and that $f^{\prime}(z)$ never vanishes there, we cannot necessarily assert $f(z)$ to be schlicht in $D$ . In \S V, imposing a further condition on (1) Recently Mr. CHEN has obtained some results concerning a (schlicht) function of the class $k$ . See Kien Kwong CHEN: Proc. Imp. Acad. Japan, 1933, vol. 9, p. 465-467. (2) E. STROHH\"ACKER: Math. Zeits., Bd. 37, 1933, p. 350-380. (3) G. SZEG\"o: Math. Ann., Bd. 100, 1928, p. 188-211 . See also S. TAKAHASHI: Proc.
Physico-Math. Soc. Japan, 3rd ser., vol. 16, 1934, p. 7-15 ; L. BIEBERBACH: Bulletin, Calcutta Math. Soc., vol. 20, 1930, p. 17-20;  and also A. KOBORI:
$f(z)$ , we will study the univalency (Schlichtheit) of $f(z)$ . In the last paragraph we will state a theorem on a schlicht meromorphic function in the unit circle, which is of some interest in itself.
\S I. AN IMPORTANT LEMMA.
Suppose that
(1)
$\Phi(z)=z+c_{1}z^{k+1}+c_{2}z^{2k+1}+\ldots.+c_{n}z^{nk+1}+\ldots$ .
, .
is a starshaped function of the class Thus we obtain (1) We say that $f(z)$ is starshaped for $|z|<p$ , if $f(z)$ is regular and schlicht and maps $|z|<p$ on a starshaped domain with centre at the origin.
. (2) Here we use a well known theorem: Suppose that $ f(z)=z+\ldots$ . is regular in the unit circle. Then $f(z)$ is starshaped for $|z|<1$ , if and only if $f(z)\neq 0$ for $0<|z|<1$ and $\Re(z\frac{r^{;}(z)}{f(z)})>0$ for $|z|<1$ . follows the inequality (3). Our theorem is completely proved, considering the function $\Phi_{0}(z)=\frac{z}{(1-z^{k})^{\frac{2}{k}}}=z+\sum_{n-1}^{\leftrightarrow}\frac{1}{n!}\frac{2}{k}(\frac{2}{k}+1)$ . $.:.(\frac{2}{k},,+(n-1))z^{nk+1}$ which is a starshaped function of the class
Remark. $w=\Phi_{0}(z)$ maps the unit circle on a whole $w$-plane cut $\acute{f}rom$ $w=\backslash \frac{1}{k\sqrt{4}}e^{\frac{:(2\nu+1)\pi}{k}}$ to $ w=\omega$ along each ray which starts from $w'\neg=^{\Gamma}0$ and passes through $w=(\frac{1}{k\sqrt{4}}e^{\frac{|(\mathfrak{g}\nu+1)\pi}{k}}$ , where $\nu=0,1,2,$ $\ldots.$ ,
(1) CARATHEODORY'S theorem states that if $\varphi(\zeta)=1+\sum_{1}^{\infty}b_{n}\zeta^{n}$ is regular and $\Re(\varphi(\zeta))>0$ for $|\zeta|<1$ , then $\rfloor b_{n}|\leqq 2$ .
(2) Let $A(z)=\sum_{l1}^{\infty}a_{n}z^{n},$ $B(z)=\sum_{0}^{\infty}b_{n}z^{n}$ be two power series and let all the coefficients $b_{n}$ of $B(z)$ be non-negative. Then $A(z)<B(z)$ means that $|a_{n}|\leqq b_{n}$ for every $n$ . Theorem 2. Suppose that $\varphi(z)=z+c_{1}\theta^{+1}+c_{2}z^{2k+1}+\ldots.+c_{n}z^{nk*1}$ $+\ldots.\dot{u}$ a convex function of the class
The right hand szde of (5) cannot be replaced by any smaller number. This extremal case can be given by the function
is a starshaped function of the class
we have
\S III. SOME EXTENSIONS OF STROHH\"ACKER'S THEOREMS.
Here some extensions of STROHH\"ACKER'S theorems will be mentioned. 
(1) Mr. STROHH\"ACKER has proved that if $f(z)$ is $\S tarsffap\epsilon d^{-}1or^{-}|z|<1$ and if ' $|z_{0}|\leq r<1$ , then the point $\frac{f(z_{0}1}{z_{0}}$ lies in the $c1\Re\epsilon fldom\dot{a}$ in, which is the image of the circle $|z|\leqq r$ by $\frac{1}{(1-z)^{z}}$ Cf. E.
is regular and $\Re(g(z))>0$ for $|z|<1$ , the function
whence follows our assertion.
be a starshaped function of the dass
Them we have (8) .
Proof. This theorem comes directly from the above.
Remark. The limits of (8) and (9) can be also attained by the
is a convex function of the class 
where the number
cannot be replaced by any greater one.
And the extremal case can be
Proof. For the proof we apply the elegant method which was used by Mr. G. SZEG\"o in the case $k=1$ . We put, for
(1) G. SZEG\"o: loc. cit.
(2) S. TAKAHASHI: loc. cit.
Hence, for our object, it will suffice to show that for $|z|=R$ (12)
Hence, if we have (12) for $|z|=R$, then the same inequality holds for $0<|z|<R$ , whence follows (10) for $0<|z|<R$ . Consequently
for $|z|=R$ follows from (13) for $|z|=R$ , by (9) and (12).
We put (14) $\rho=R^{k}=\frac{k}{2(k+1)}$ and $a=\frac{2}{k}$ .
Thus we have obtained the following inequalities:
On the other hand,
I. Let us consider the case where
. First we prove the inequality. (12) for $|z|=R.$ . By (7) and (15),
Here we prove the inequality (13) for $|z|=R$. For this purpose, it will suffice to show that, by (7), (8), (15) and (16)
$\frac{1-\rho}{1+\rho}$ $\geqq^{\frac{1+\rho}{1-\rho}\sum_{\nu-n}^{\infty}\frac{a(a+1)\ldots(a+\nu-1)}{\nu!}\rho^{\nu}+\sum_{\nu-n}^{\infty}(\nu k+1)\frac{a(a+1)\ldots(a+\nu-1)}{\ovalbox{\tt\small REJECT}\nu!}\rho^{\nu}}\frac{1}{(1+\rho)^{\frac{2}{k}}}-\sum_{\nu-n}^{\infty}\frac{a(a+1)\ldots(a+\nu-1)}{\nu!}\rho^{\nu}$ or that
since the right hand side of (18) Hence, for the proof of (20) , it suffices to show that for
Consequently the right hand side of (22) (say
is an increasing function of $P$ for $\frac{1}{3}\leqq\rho\leqq\frac{1}{2}$ . Hence, for
. The right hand side of (20) 
Consequently )$.(p)\geqq
Therefore the inequality (20) is also true for $k=1$ .
Thus it is completely proved that every section $\epsilon_{n}(z)=z+c_{1}z^{k+1}+c_{2}z^{2k+1}+\ldots.+c_{n-1}z^{\langle n-1)k+1}$ is starshaped for
as long as $n$ is greater than or equal to 4. (1) Here we use the qualities: $\sum_{4}^{\infty}(v+1)p^{V}=\frac{1}{(1-p)^{2}}-(1+2p+3\rho^{2}+4p^{3})$ ,
The circle $|\xi|\leqq\rho(<1)$ can be mapped by $\frac{1+(k+1)\xi}{1+\xi}$ on a circle $K$ having the segment $\underline{1-(k+1)p}\ldots.\underline{1+(k+1)\rho}$ as diameter, hence $K$ lies on the half plane:
has zero-points on the circumference
Thus it is proved that every section Hence our assertion can be stated as follows:
has for $|\zeta|<1$ a positive real part, so that by CARATH\'EODORY-TOEPLITZ'S theorem we have
where
Hence the inequality (26) can be written as follows:
is fixed, the fraction of (29) can be considered as a regular function of $\eta$ for $|\eta|\leqq 1$ , because the denominator never vanishes there. (1) Hence we can assume $|\eta|=1$ . Consequently, if we put, for the sake of simplicity,
We write $\zeta=-2(k+1)+\zeta_{1}=-2(k+1)+re^{i\varphi}$ ; it is geometrically clear that $2k+1\leqq r\leqq 2k+3$ and (34) $-\varphi_{0}(r)\leqq\varphi\leqq\varphi o(r)$ , if $r$ is fixed, where $\varphi_{0}(r)$ can be determined from the equation
lies on the circumference $|\zeta|=1$ . We obtain (35) cos $\varphi(r)=\frac{r^{2}+(4(k+1)^{8}-1)}{4(k+1)r}$ .
Now (33) can be written in the form:
Considering (34) and (35), we have
Put in (37) cos $\varphi=\frac{Q+2k(k+1)(2k+1)-kr+\delta r^{2}}{2k(2k+1)\gamma}$ , and consider the left hand side $f(r, Q)$ of (37) as a function of $r$ and $Q$ , where $r$ varies in the interval $2k+1\leqq r\leqq 2k+3$ and $Q$ in a certain interval $Q_{1}(r)\leqq Q\leqq Q_{2}(r),$ $Q_{1}(r)$ being equal to $-\delta+kr$ . We show that $f(r, Q)$ is an increasing function of
For the proof of (33), we have only to obtain
since $a\gamma>0$ . Denoting by $D$ the left hand side of (39), we easily
Thus our therem is completely proved.
Applying ALEXANDER'S theorem(2) and theorem 8, we obtain at once is convex for
Clearly $a+2bx+cx^{*}$ . is always positive, provided that $c>0$ and ca-b2 $>0$.
(2) J. ALEXANDER: loc. cit. Remark. The limit $R$ can be attained by the function
has zero-points on the circumference $|z|=R$ .
As an immediate result of the above, Remark. It is evident that the limit $R$ can be attained by the function $g_{0}(z)=\int_{0}^{l}\frac{G_{0}(z)}{z}dz=\int_{0}^{z}(2-\frac{\Phi_{0}(z)}{z})dz=2z-r(z)$ .
(1) In the case $k=1$ , this theorem reduces also to KOBORI'S. See 
(1) When I read this paper at the annual meeting of the Physico-Math. Soc. of Japan, held in April 1934, Prof. KAKEYA kindly remarked to me that this theorem can be easily proved by a geometrical consideration.
Taking the segment $z_{1}z_{2}$ as the path of integration, $|\int_{z_{1}}^{z}(a-f^{\prime})dz|\leqq\int_{0}^{|z_{1}-z_{2}|}|a-f^{\prime}|ds<|a|\int_{0}^{|z_{1}-z_{2}|}ds=|a||z_{1}-z_{2}|$ .
Remark. For this proof we owe much to Prof. K. KUNUGUI.
As an immediate result Theorem 13. If $ f(z)=z+\ldots$ . is regular and
Next an application of theorem 13 will be enunciated: 
is regular and $|g(z)|<1$ for $|z|<l$ . Hence Cf. Acta Mathematica, Bd. 49, 1926, p.183-190; Acta, Szeged, Bd. 4, 1928, p. 14-24. Proof. We use two known results: (1) E. LANDAU: Darstellung und Begr\"undung einiger neuerer Ergebnisse der Funk-$t^{\prime}1onentheorie,$ $2$ . Aufl., p. 22.
Here remark that (48) $\phi(n)=\frac{1}{(n+1)^{2}}\sum_{1}^{n-1}\frac{(k+1)^{2}}{k}=\frac{(n-1)(n+4)}{2(n+1)^{2}}+\frac{1}{(n+1)^{g}}\sum_{1}^{n-1}\frac{1}{k}$ decreases as $n$ increases for $n\geqq 5$ . To prove that $\phi (n+1) Consequently it is seen that $\max_{n\geq 2}\phi(n)=\max_{5\geq n\geq 2}\phi(n)$ , whence it follows that $\max_{n\geq 2}\phi(n)=\frac{241}{432}$ .
Thu8 we obtain $|1+\alpha+c_{9}+\ldots.+c_{n}|\leqq 2+\sqrt{\frac{241}{432}}=2,7469\ldots$ . March, 1934 . Mathematical Institute, Hokkaido Imperial University, Sapporo.
After I completed this paper, Mr. K. JOH kindly wrote to me to say that theorems
